Abstract-Spectrum allocation within the fixed unlicensed band affects performance of wireless networks. Fundamental limitations of spectral efficiency on capacity of wireless local area networks (WLANs) hence needs to be studied. Recently, it was shown that the performance can be increased when both nonoverlapping and partially overlapping channels are used. Unlike previous studies, this is the first known attempt on analysis of information theoretic capacity for partially-overlapping channels, as characterized by IEEE 802.11b-type systems using a hyperreceiver. Using Marcenko-Pastur Law distribution, capacity is approximated for such systems. We implement this by proposing a novel channel model for our analysis. The results conform to Monte Carlo simulations, with an approximate mean error of less than 5%. Fundamental tradeoffs of channel interference and power gain are discussed. We further explore the effect of access point density and find that systems based on partially overlapping channels perform well in high density deployments. We also compute capacity for a range of channel overlaps and conclude that rates close to capacity are achievable for a channel overlap of 90% and above.
I. INTRODUCTION
Many telecom operators have deployed IEEE 802.11b wireless local area networks (WLANs) as an economical and versatile solution to meet the growing needs of the digital customer. It has applications in citywide wireless deployments [1] and hybrid networks [2] , amongst others. The IEEE 802.11b standard recommends 13 operating channels in Europe, spread over a bandwidth of 85 MHz. Out of these only the three non-overlapping channels are deployed [3] . This is to avoid contention during transmission and reduce interference in the unlicensed Industrial Scientific and Medical (ISM) band. The remaining ten channels partially overlap in the frequency domain; hence they are referred to as partially overlapping channels (POCs). Conventionally, POCs have not been popular. However, given the fact that ISM band is a limited resource, using only three channels is spectrally inefficient, and hence waste system resources. Moreover, utilization of channels has become important as the density of wireless systems grow. We present an asymptotic capacity analysis for large number of 802.11b type WLAN cells and hence evaluate an upper bound assuming a hyper-receiver [4] . Further, we introduce bandwidth variation for variable AP density in our model for systems comparison. This work is the first known attempt on information theoretic capacity analysis of IEEE 802.11b-based POCs, assuming a hyper-receiver. Therefore the problem is timely and interesting.
The rest of the paper is organized as follows: In Section II we review the related work on POCs and hyper-receivers in context of linear cell networks. In Section III, we introduce the basic model using division of bandwidth into bins of equal size. In Section IV, we analyze capacity approximation based on Marcenko Pastur Law and validate it using Monte Carlo simulations. In Section V, we explain the affect of AP density on POCs operating in different bandwidth regimes and identify the suitable region of operation. A comparison of analytical and simulated capacity is presented. Finally, in Section VI, we conclude.
II. RELATED WORK An 802.11b outdoor cellular network was studied in [2] . The concept of a hyper-receiver was introduced in Wyner's Gaussian Cellular Multiple Access Channel (GCMAC) model [4] . It assumed that a central processor had instantaneous access to codebooks of all users. Flat Rayleigh fading was added to GCMAC by Somekh and Shamai [5] . Letzepis [6] modified it further to model free space pathloss incurred by each transmitted signal. More recently, interest has been shown in POCs-based mesh-networks [7] , [8] . Mishra et al. [9] and Akl [10] proposed algorithms to evaluate the throughput of Fig. 2 . IEEE 802.11b type channel structure with modelling parameters for the partial overlap channel model. both non-overlapping channels and POCs. Heuristics was used to solve their channel assignment problem. Such solutions, however are not always optimal. A more fundamental insight into the partial overlap nature and its affect on capacity, in low and high signal to noise ratios (SNRs) is required.
III. SYSTEM MODEL

A. System Assumptions
The system consists of a linear array of N cells, uniformly spaced over a span D. APs and users are co-located at the center of each cell. Per-cell sum-rate capacity for uplink of the system is evaluated. APs are assigned POCs with assignment as per following sequence: 1,2,3,4,...,12,13,1,2,3,4,... All the received signals are jointly decoded and receiver is assumed to be aware of channel parameters. External interference is treated as AWGN. We assume single user per cell (K = 1) in order to understand the complicated nature of the partial overlap channel structure. We further assume that an infrastructure based WLAN with interconnected APs is equivalent to a cellular system (as in Section II). A hyper-receiver is employed by which each AP is aware of codebooks of all users. This provides capacity achieving strategy [5] . We believe such a complex receiver will be implemented in the future.
A synopsis of the channel model assumptions is presented. Although the channels are identical across all 802.11 products, 802.11b has been the most common WLAN standard. The channel structure adopted is as per the IEEE 802.11b standards (13 POCs, and total system bandwidth of 85 MHz). Keeping the system bandwidth constant, the channel bandwidth is varied. The channel is partitioned into frequency bins of constant power spectral density. The total frequency bins within a given channel bandwidth have a sum power constraint. This constraint is equal to the transmit power per channel. Further, since all channels occupy the same bandwidth, maximum transmit power for all channel users is the same.
B. Model Description
We use partitioning of channel bandwidth into bins of constant power spectral density. This is done to facilitate the analysis of channel overlap. The frequency bins are used to synthesize the total bandwidth so the system only consists of fully overlapping or non overlapping bins as shown in Fig. 2 . The vertical axis represents channel indices and the horizontal axis shows spectrum allocation for each channel in GHz. We assume that each channel bandwidth can be subdivided into orthogonal narrowband frequency bins occupying F bin expressed in Hz. Each channel user transmits over a channel bandwidth, B channel which is in Hz and consists of
(or a) bins. The total channelsC are indexed withc. The total system bandwidth is B tot Hz. Analytically the total number of frequency bins per channel can be represented as:
whereB is the number of bins that can be accommodated within the total system bandwidth. By using (1), it is possible to evaluate the channel-to-total-system bandwidth ratio, r for a POCs based system:
From (2) we can compute different values for B channel assuming fixed B tot to explore different overlapping regions in a POCs based system.
IV. CAPACITY ANALYSIS FOR POC MODEL WITH FADING
We model POCs (as discussed in Mishra et al. [9] and Akl [10] ), to compute information theoretic capacity of 802.11b type WLANs. Letzepis [6] pathloss model for GCMAC is modified to cater for the POC structure, an inherent feature of WLANs. In Section IV-A, we describe approximation based on Marcenko-Pastur Law which leads to numerical computation of capacity. Capacity of the partial overlapping structure with flat fading is validated by using Monte Carlo simulations in Section IV-B.
A. Capacity approximation using Marcenko-Pastur Law
To measure the spectral efficiency of POCs based systems, we approximate per-cell sum capacity using tools of free probability, as done in Letzepis [6] . First, we define G as a N × N complex Gaussian matrix which has Independent and Identically Distributed (i.i.d) entries, Complex and Circularly Symmetric (c.c.s.) Gaussian distributed with zero-mean and variance, 1 N . G is used to model Rayleigh fading. Further, let Σ Q be a deterministic N × N matrix whose entries represent the channel attenuation due to non-fading elements of channel matrix. Σ Q is hence used to evaluate limiting eigenvalue distributions of the covariance of channel matrix HH † where:
Here,• represents Hadamard product between Σ Q (7), and G. Matrix of this form arise in many scenarios of wireless communications [11, Th. 3.9] . Consider a symmetric, Toeplitz random matrix as in (7) . As N → ∞, covariance of such random matrices, converge almost surely to a limiting distribution (Marcenko Pastur Law). Defining C opt (4) as the sum rate capacity when optimum decoding capacity is employed we have from [11, Eq.1.4, Eq.1.5]:
where 
where
Eq.1.10, Eq.1.11], [12] we know that the probability distribution function of the asymptotic eigenvalue distribution (a.e.d) of Thus, HH † has a limiting eigenvalue distribution that can be approximated by a Shannon transform on a scaled version of Marcenko-Pastur Law (8) . Due to the lower complexity, the above approximation was used for our analysis.
We also assume a modified version of Letzepis free space pathloss model for the 802.11b type channel structure. For this analysis, the transmitter at index one is to be treated as reference and we consider 40 transmitters in order to get a channel snapshot. Fig. 3(b) and 4(b) illustrate the power attenuation due to free space pathloss for low and high ratios of channel to system bandwidth, respectively. Extending Letzepis' work, we introduce the notion of partial overlapping factor. Mishra et al. [9, Eq. 2] showed that partial overlapping phenomenon results in a decrease in received power. This is also shown in Fig. 3(a) and 4(a) for low and high ratios of channel to system bandwidth, respectively. Fig. 3(c) and 4(c) illustrate the combined effect of both the partially overlapping nature of the channel and pathloss attenuation. The deterministic matrix Σ Q (where Σ Q = Σ Qpoc • Σ Q pathloss )is, therefore, defined as the Hadamard product of two deterministic matrices: the partial overlap channel factor matrix, Σ Qpoc and free space path loss channel matrix, Σ Q pathloss . Hence,
Inner summation
The variance profile, Σ Q(n,x) of the partial overlapping channel model is defined as in (7). Here, x 1 = 1 + (n − 1)C, and x 2 = min(a+(n−1)C, nC) are the lower and upper limits of inner summation; n 1 = 1, and n 2 = N/C are the lower and upper limits of outer summation respectively;λ is free space pathloss exponent (magnitude two); x is the transmitter indices; D and N are defined in Section III-A. Considering the rightside of (7), the inner summation is done for the total number of bins within a single channel slot (Channels 1-13) which is defined as the inner sum of (7). We assume a linear channel assignment of 1,2,3,...,12,13,1,... as in Section III-A. The outer sum thus repeats this 13 cell array slot over N cells. (7) is the element wise representation of variance profile matrix. It models the partially overlapping nature of wireless channel and free space pathloss for an IEEE 802.11b type system with fading. Assuming that the variance profile of Σ Q is circulant and symmetric, capacity can be approximated using Marcenko-Pastur Law distribution (from Letzepis [6] and Verdu [11] ) as,
Here mpf is the Marcenko Pastur Law function which approximates the limiting eigenvalue distribution on HH † ; V mpf (·) is the Shannon transform of the Marcenko-Pastur Law on Σ Q , respectively. Σ Q is hence computed using (7) and (8) and is used to evaluate the analytical approximation for capacity using low and high values of γ.
B. Monte Carlo Simulations
The bin channel matrix Hb is computed for individual bins. Each trial of the simulation involves constructing the Hb matrix for N cells. Capacity is evaluated by substituting this channel matrix in the log det formula (Telatar [13] ). This is then summed over the total bins,B to compute the total percell sum-rate capacity of the POC structure. Power constraint is inherent for the Gaussian model, adopted by Wyner [4] and is restricted by IEEE 802.11b standards. It is hence considered in our analysis.The model exploits the fact that bin power remains constant over B channel . Therefore, transmitted power over the channel bandwidth defined as Pc can be represented mathematically as,
where Pb ,c is the average transmitted power inb bin for a given channel,c. The per bin sum capacity can then be represented using Cover [14] and Telatar [13] as:
We also know that,
where σ 2 N is the channel noise power and Pc is the maximum channel transmit power. Finally, summing over all the bins within the bandwidth,
where H is the Hermitian matrix and H † is the Hermitian conjugate transpose, σ 2 N is the noise power spread over each frequency bin and Pb ,c , is the average transmitted power per bin for channel,c. Fig. 5 shows the effect of AP density on per-cell sum-rate capacity of a POCs based system. The effect of bandwidth variation, r is clearer in high density AP deployments. This can be explained due to the multiplicative effect of the path loss and POCs on channel gain. It attenuates the signal sharply over a smaller distance; thus, smaller distances between APs will result in better performance. Here, the difference between capacity due to orthogonal and fully overlapping channels increases to 0.1 nats/sec/Hz (D = 10 −2 ). At this density, a 4% reduction in channel bandwidth (decrease from 99% to 95% of max. bandwidth) reduces the per-cell sum-rate capacity Per-cell sum-rate capacity of POC type systems for different bandwidth ratios, r (or by only 2.6%. From the above and Fig. 5 , we can hence deduce that for dense AP deployments, a channel overlap of approximately 90% and more results in a near-optimum data rate for POC type systems.
V. RESULTS
A. Impact of AP density & bandwidth utilization on POCs
B. POC capacity approximation and simulation
The results of this section are summarized in Fig. 6 and 7 . These figures show the difference in per-cell sum-rate capacity of fading channel for low SNR (γ = 0.01 dB), as in Fig. 6 and a high SNR (γ = 10 dB) as in Fig. 7 , when optimum joint decoding is performed using hyper-receiver for partially overlapping channels. Here N = 100, D = 10 −2 and K = 1. In each figure, capacity is approximated for each value of r. Monte Carlo Simulations illustrate the validity of the approximations which are performed in (8) . To compare the validity of the approximation, the channel to system bandwidth ratio r, is varied. Per-cell sum-rate capacity of POC type systems for different bandwidth ratios,r (or
) for a high SNR flat-fading IEEE 802.11b type system (N = 100, D = 10 −2 , K = 1, γ = 10 dB).
For each corresponding value of a, a number of trials are done, and in each trial,a new H is constructed for N = 100, K = 1, D = 10 −2 , using the variance profile, Σ Q . At each trial, Hb is constructed and used to computed the function log det(
as in (12) . Simulation conform well to approximation with a mean error of less than 5%. We observe that for a fixed B tot , the higher the channel bandwidth, the larger is the capacity.
Considering the Monte Carlo simulation (in bold) for low SNR region of the partial overlapping channel capacity (Fig. 6 ). In the region of lower channel to total bandwidth usage, capacity is small. This is because of the low SNR and lower level of interference (fewer overlapping channels). As the channel bandwidth becomes large, power gain due to multiple channels increases the capacity. The number of interfering bins increases linearly. When the bins per channel approach 0.9, the effect of partial overlap factor is negligible; see Fig. 4(c) . Adjacent channel interference caused by POC structure, counters the increase due to power gain. The capacity saturates in the presence of nearly full overlap. The overlapping channel model thus reduces to that of [6] . In Fig. 7 for high SNR region of POC type system, in the region of low channel to total bandwidth utilization, capacity increases linearly. The high SNR results in a large value for small overlap. However, as the number of interfering bin increases, the power gain more than compensates for the adjacent channel interference. As r approaches 0.45, the slowly increasing level of adjacent channel interference overcomes the power gain advantage. This effect saturates the capacity and the model reduces to that of [6] when r = 1.The difference between MP law approximation and MC simulation in Fig. 6 &7 is due to the edge effects of the channel matrix. MP Law approximation gives an upper bound and is low in complexity (Section IV-A) which justifies its use in our analysis.
VI. CONCLUSIONS AND FUTURE WORK
We have analyzed the capacity of linearly distributed APs utilizing POC structure as in WLAN (IEEE 802.11b). Wyner's GCMAC with flat fading and free space pathloss was used. Under our proposed model, bandwidth is partitioned into bins and capacity for each bin is computed and summed over the entire bandwidth. For performance evaluation, we considered approximation based on Marcenko-Pastur Law. This was implemented by combining the effect of POC factor and pathloss attenuation. Approximations were computed for low and high values of SNRs. We validated our approximations using Monte Carlo simulations using a derived log det formula. The simulation conform to analysis with an approximate mean error of less than 5%. We further explored the effect of AP density and found that POCs based systems performed well in high density deployments. We computed capacity for a range of overlaps and concluded that near optimum data rate is achievable for a channel overlap of 90% and above.
A linear assignment of frequency channels and single user per cell is assumed for this paper. These are simplified assumptions which will be extended to include user distribution and channel assignment for a more realistic POC analysis.
